MATRIX EXPONENTIAL AND NORMAL FORMS

1. UPPER TRIANGULAR FORM

Consider two n x n complex matrices A and B. We say that A and B are similar
(and write A ~ B) if there is an invertible matrix C such that A = C~'BC. An
n x n matrix C is called unitary if C~! = C*, or, equivalently, if the columns of
C form an orthonormal basis of C™. The matrices A and B are called unitarily
equivalent if there is a unitary matrix C such that A = C~'BC.

Note that similarily is an equivalence relation. (That is: A ~ A; A ~ B implies
B~ A; and A~ B and B ~ C imply that A ~ C.) Likewise, unitary equivalence
is an equivalence relation.

Lemma 1. Let A be an n X n matrix of the form
a b
=i 3]
where a € C, b is 1 x (n — 1) matriz, 0 is the 0 vector in C"~ 1, and B is an
(n—1) x (n — 1) matriz. Then

det A = adet B.

Proof. If a = 0, then e; is the kernel of A so det A =0 =0 det B.
If @ # 0, then we can add multiples of the first column of A to the subsequent
columns to get the matrix
a O
M= {0 B} |

Then det A = det M = adet B. O
Corollary 1. det(A] — A) = (A — a) det(A] — B).

Remark 2. More generally, suppose

_|rQ
A=l %
where P is a k x k matrix, @ is a k x (n — k) matrix, 0 is the zero (n — k) x k
matrix, and R is an (n — k) X (n — k) matrix. Then det A = det P det Q. We won’t
need this more general fact. (But it is not hard to prove.)

Theorem 3. Let A be an n X n complexr matrixz. Let \1,..., A, be the roots of
the characterstic polynomial. (That is, det(A\] — A) = [[;_; (A — N\;).) Then A is

unitarily equivalent to an upper triangular matrix M with M;; = X\; for each i.

Thus, for example, if n = 3, then A is unitarily equivalent to a matrix of the
form
)\1 * *
0 )\2 *
0 0 X
1
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Proof. Let vi be a unit eigenvector with eigenvalue A\;. Extend v; to an orthonor-
mal basis vq,...,v, of C". (The v,,...,v, need not be eigenvectors.)

Let S be the unitary matrix whose columns are vy, ...,v,. Then
A1 b}

—1 o oQx* _
S AS—SAS—[O B

where r is a 1 x (n — 1) matrix, 0 is the zero (n — 1) x 1 vector, and B is an
(n—1) x (n — 1) matrix.

By the Lemma, det(A — B) =[] ,(A — ;).

By induction, there is a unitary (n — 1) x (n — 1) matrix C such that C~!BC is

an upper triangular matrix 7" with entries Ao, ..., A, along the diagonal:
D R S S
0 /\3 * *

Then the matrix

is unitary and

B D R ) B N B P 2 I )
| LS A i e
10 7[Mm bO
“lo ¢']|o BC
[n ko
~lo o'BC
A bC
* —
() __O T:|

which in turn is unitarily

A bC
0 T

We have shown that A is unitarily equivalent to

A bC
0 T
the required form.

1 b
0 B}’

equivalent to [ ] Thus A is unitarily equivalent to [ }, which has

EQUuAL EIGENVALUES

Theorem 4. Suppose A is an n X n matriz whose eigenvalues (i.e., the roots of
the characteristic polynomial) are all equal to X\. Then (A — AI)™ = 0.

Proof. By Theorem A = S7IMS for some upper triangular matrix M with
mg; = A for all 7. That is, the matrix

U=M—- I
is upper triangular and each of its diagonal elements U;; is 0. Thus
") Ui; = 0 unless j > 1.
Claim: U™ = 0.
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Note that

(Ui =Y UnUs;
k

j—1
= Z Ui Uk

k=i+1
The sum is 0 unless i +1 < j — 1, i.e., unless j > 7 + 2, so
(U?);; =0 Unless j > i+ 2.

Proceeding by induction, we see that (U?);; = 0 unless j > i+p. Therefore U™ = 0,
proving the claim.

Now
A— XN =S8"1MS —AI
=8 M - AI)S
=S"'Uus
SO

(A= A" =S"tU"S =0.

Corollary 5. If A is an n X n matriz whose only eigenvalue is \, then

eAt _ 6>\tpn,1(tN)
where N = A — A\ and where p,_1(z) = Z;:Ol % is the degree (n — 1) Taylor
polynomial for e*.

Proof. Note that At commutes with every matrix. In particular, it commutes with
tN. Thus

eAt — eAtI+tN

— MIN

1
At k nrk
= IE —-t"N
’ k*Ok

= eAtpn—l(tN)

since N™ = (0 and therefore N* = 0 for all k > n. O

2. GENERAL MATRICES
We proved in class:

Theorem 6. Let A be an n X n matriz with characteristic polynomial

k
det(AT — A) = JT(A = x0)”

i=1
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where Ai,..., \; are all distinct. Then A = ST'MS for some invertible matriz S
and for a block diagonal matriz
My 0 ... O
0 M, ... 0
M= . . .
0 0 My,
M; O 0 0
0 My O 0
M=10 0 Ms 0
0 0 0 ... M

where each M; is a v; X v; upper triangular matrixz with diagonal elements all equal
to /\i-

Consequently,

eAltpyl_l(tNl) 0 e 0
0 etp,, 1 (tNy) ... 0

0 0 oo eMtpy (ENR).

Of course this gives a formula for eA* since et = §~1eMtg.
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