MATH 63CM HOMEWORK 4

DUE 11:59PM ON SUNDAY, MAY 5

1. Suppose that I C R is an open interval and ¢t € I — A(t) € R™*" is continuous.

Suppose for j =1,2,...,n that x; : I — R" is a solution of

(*) x'(t) = A(t)x(t).

Suppose also that there is a time ¢, € I such that x;(tg),...,Xn(to) are linearly
independent. (a). Prove that xi(t),...,x,(t) are linearly independent for each

t € I. (b). Prove that x : I — R™ is a solution of (*) if and only if x is a linear
combination of the x;:

x(t) = 3 e, (1)

for some constants ci,...,¢; in R. (c). Suppose that f : I — R"™ is continuous
and that

p'(t) = A(t)p(t) + f(t)
for all t € I. Show that x: I — R" is a solution of

x'(t) = A(t)x(t) + f(t)
if and only if

n
x() = p() + Y ex;()
j=1
for some constants c1, ..., ¢, € R, where x;(-) are as above.

Remark: Thus

n

ZCij(')ICh...,Cn R

j=1

is the set of all solutions to 2’ = Az, and
p(-) + chxj(-) (¢l .00 ER
j=1

is the set of all solutions of ' = Az + f.

2. Consider a differential equation

) 4

5= f(xa y)?
where f : R? — R2. Suppose f(z

dx
,y) only depends on the ratio of y to z: f(z,y) =
¢(y/x) for all y and © # 0. (a). L

et v = y/x and, using (), express dv/dz in
1
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terms of v and z. (b). “Solve” the resulting equation by expressing x as an integral
expression involving v.

3. Solve the equation dy/dx = (z + y)/(z —y). (Your answer will be an equation
of the form g(x,y) = C that expresses the relation between = and y.)

4. Problem 4.2 in the text.

3 -1 0
5. Find e, where A= [1 1 1].
0 0 2

6. Suppose N is a nilpotent n x n matrix. Prove that I + N is invertible.

7. Let A be an n x n matrix and let p(\) be its characteristic polynomial: p(\) =
det(A\T — A) = Hle()\ — \;)¥, where the \; are distinct. Using the fact that

() C" = @i ker((\ — A)"),
prove that p(A) = 0.



