LYAPUNOV AND LA SALLE/KRASOVSKI THEOREMS

Definition 1. Suppose that p is an equilibrium point of the autonomous system
x'(t) = F(z(t)), ie., that F(p) = 0. We say that p is stable if, given any real
number r > 0, there is an open set W containing p such that ¢:(x) € B,(x) for all
x € W and t > 0. We say that p is asymptotically stable if it is stable and if
there is an open neighborhood G of x such that lim;_,, ¢:(x) = p for all z € G.

(This is equivalent to the definition in the text, thought it is worded slightly
differently.)

Theorem 2 (Lyapunov’s First Theorem). Suppose that U C R™ is an open set,
that F : U C R™ — R" is a C' vectorfield, and that p is a point in U such that
F(p) = 0. Suppose that R > 0, that Br(p) C U, and that V is a C' function on
Bg(p) C U such that

(1) V(p) =0< V(x) for all x # p in Bg(0).

(2) VV - F <0 at all points of Br(0).
Then p is a stable equilibrium for x’' = F(x).

Proof. 1t suffices to prove it for p = 0. Note that if z € U and I C R is an interval
such that ¢;(z) exists and is in Br(0) for all ¢ € I, then for ¢t € I,

d d
SV (01(@)) = VV(i()) - —u(w)

= VV(p(x)) - F(pe(x))
S 07

and thus
(1) t €I~ V(¢e(x)) is a decreasing function.

Let 0 <r < R. Let n = min{V(z) : » < < R}. Then n > 0 by hypothesis. Let

W ={z € Bg(0): V(z) <n}

Let x € W. Let (as, b;) be the maximal interval on which ¢;(z) exists and is in
Br(0).

By (),

V(ge(x)) < V(do(x)) =V(x) <n/2 forallte|0,by).

Thus ¢:(z) € B,.(0) for all ¢ € [0,b,). Hence by Theorem ?, b, = cc.

We have shown: if z € W, then b, = oo and ¢:(x) € B,.(0) for all ¢ > 0. Since
W is an open set that contains 0, 0 is stable. (I

Theorem 3 (La Salle/Krasovski Theorem). Suppose that U C R™ is an open set,
that F : U C R™ — R" is a C' vectorfield, and that p is a point in U such that
F(p) = 0. Suppose that R > 0, that Br(p) C U, and that V is a C' function on

Br(p) such that

(1) V(p) =0 < V(x) for all x # p in Br(0).
1
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(2) VV - F <0 at all points of Bg(0).
Let
K ={peB(p,R): VV(p)- F(p) = 0}.
Suppose also that
) If ¢(x) € K for allt > 0, then x = p.
Then p is an asymptotically stable equilibrium for ' = F(x).

Note that the hypotheses are the hypotheses of Lyapunov’s First Theorem, plus
the hypothesis @

Proof. Tt suffices to prove it when p = 0. By Lyapunov’s First Theorem, there is
an open set W containing 0 such that for all z € W and t > 0, ¢,(z) € Bgr(p).
Exactly as in the proof of that theorem, V(¢:(x)) is a decreasing function of ¢ for
t > 0. Thus it has a limit as ¢t — oo:

(2) Jim V(¢4()) = L.
Let
(3) r = limsup |pe ()]

By definition of lim sup, there is a sequence t; — oo such that

(4) e, (z)] — 7

By Bolzano-Weiestrass, there is a subsequence ¢, () that converges to a limit g.
By relabeling, we can assume that the original sequence converges to g:

(5) o1, (z) = q.
Since ¢ is continuous,
Oe(Pr, () = d1(q) asi— o0
for all ¢ > 0. That is,
D41, (2) = Pu(q).

Hence

V(1. (2)) = V(de(q)).
But the left hand side converges to L as i — oo (by (2)). Thus

L=V(¢:(q)) forallt>0.

Hence
d
0= 2 (V(6:(a))
= IV (0u(0)) - S 0ul0)

= VV(¢:(q) - F(¢:(q))-

Thus ¢;(q) € K for all ¢ > 0.

By the assumption (f), ¢ = 0. Thus r = 0 (by and (B))), and so ¢y (x) — 0
by .

We have proved that if © € W, then lim;_, o ¢¢(2) = 0. Thus 0 is asymptotically
stable. (]
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Theorem 4 (Lyapunov’s Second Theorem). Suppose that U C R™ is an open set,
that F : U C R™ — R is a C' vectorfield, and that p is a point in U such that
F(p) = 0. Suppose that R > 0, that Br(p) C U, and that V is a C* function on
Br(p) such that

(1) V(p) =0< V(x) for all x # p in Br(p).

(2) VV - F <0 at all points of Br(p) \ {p}-

Then p is an asymptotically stable equilibrium for ' = F(x).

Proof. As in La Salle’s Theorem, let

K ={q€Br(p): VV(q) - F(q) = 0}.
By , K = {p}. This implies that hypothesis @ of La Salle’s Theorem holds.
Thus 0 is asymptotically stable by La Salle’s Theorem. ([l
EXAMPLES
Example 1. Consider the system
/ 3

T =—-y—z°,

Y =z—y°

R

Let V(z,y) = 22 + y2. Clearly V has its minimum at (0,0) and nowhere else.
Note that

ie.,

VV-F=(22,2y)  (—y — 2,2 — %)
= —2z% — 2%,

which is < 0 except at the point (z,y) = (0,0).
By Lyapunov’s Second Theorem, the origin is an asymptotically stable equilib-
rium.

Example 2. Now consider the system
/ 3

i.e.,
(-0 16 7]
Y 1 0]y 0 |
Again, let’s try V(z,y) = 2% + y?. Then
VV-F=(22,2y)  (—y — 2°,2)
= —2z%.

This is < 0 everywhere, so the origin is a stable equilibrium by Lyapunov’s First
Theorem.
Note that
VV(z,y) =0 <= z =0.
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This means we cannot apply Lyapunov’s Second Theorem: no matter how small
R > 0 is, Br(0) will contain many points (namely all points (x,y) € Br(0) with
x = 0) where VV - F = 0.

But we can apply La Salle’s Theorem. Let

Then (as we just calculated)

K ={(z,y) : . =0}.

Suppose (x(t),y(t)) is a solution of the ODE such that (x(t),y(t)) € K for all t > 0.
Then z(t) =0, so
0=2'(t)
= —y(t) —=(t)’
= —y(t)

Thus y(t) = 0 for all £ > 0.

We have shown: the only solution that stays in K for all t > 0 is (z(t), y(t))
(0,0).

Hence by La Salle, (0,0) is asymptotically stable.
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