
FINDING THE MATRIX EXPONENTIAL

(1) Find the characteristic polynomial det(λI −A).
(2) Factor it:

det(λI −A) =

k∏
i=1

(λ− λi)νi .

(3) For each i, solve

(λiI −A)νiv = 0

(e.g., by Gauss Elimination) to get a basis Bi of ker(λiI −A)νi .
(4) Let B be the basis consisting of the vectors in B1,B2, . . . ,Bk (listed in that

order). Let S be the matrix whose columns are the basis vectors in B. Then
S−1AS is in block diagonal form:

S−1AS = B =


B1 0 . . . 0
0 B2 . . . 0
...

...
. . .

...
0 0 . . . Bk

 .
Here block Bi is a νi × νi matrix with characteristic polynomial (λ− λi)νi , and

(Bi − λiI)νi = 0.

Thus if we write Ni = Bi − λiI, then

(*)

etBi = etλiI+tNi

= etλiIetNi (since tλiI and Ni commute)

= eλit

(
I + tNi +

t2

2!
N 2
i + · · ·+ tνi−1

(νi − 1)!
N νi−1
i

)
.

So we have found etBi (and therefore etB). Now

etA = SetBS−1 = S


etB1 0 . . . 0

0 etB2 . . . 0
...

...
. . .

...
0 0 . . . etBk

S−1.
(where the etBi are given by (*).)

Of course if A is large, it might not be possible to factor the characteristic
polynomial. For such A, one would generally approximate etA by computer.

The L+N Decomposition

The book emphasizes that any n × n complex matrix A can be written as the
sum of a diagonalizable matrix L and a nilpotent matrix N . Note that we did
not need this fact to compute etA above.

However, if you want to find L and N , here is how you can do it:
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2 FINDING THE MATRIX EXPONENTIAL

Above, we found a decomposition of B = S−1AS into a diagonal matrix D and
a nilpotent matrix N , namely

(†) B = S−1AS = D +N =


Λ1 0 . . . 0
0 Λ2 . . . 0
...

...
. . .

...
0 0 . . . Λk

+


N1 0 . . . 0
0 N2 . . . 0
...

...
. . .

...
0 0 . . . Nk


where Λi is the diagonal νi × νi matrix with λi on the diagonal:

Λi = λiIνi×νi

and Ni = Bi − Λi. (Here Iνi×νi denotes the νi × νi identity matrix.)
If we multiply (†) on the left by S and on the right by S−1, we get

A = SDS−1 + SNS−1.
Now SDS−1 is diagonalizable and SNS−1 is nilpotent, so we have found the L+N
decompostion: L = SDS−1 and N = SNS−1.
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